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In this work, we derive the density matrix renormalization group (DMRG) algorithm in the
language of configuration interaction. Furthermore, the development of DMRG in quantum
chemistry is reviewed and DMRG-specific peculiarities are discussed. Finally, we discuss new
results for a dinuclear µ-oxo bridged copper cluster, which is an important active-site structure
in transition-metal chemistry, an area in which we pioneered the application of DMRG.

1. Introduction
In electronic structure theory, the exponential scaling in the dimension of the
Hilbert space with system size poses the biggest challenge for the exact descrip-
tion of strongly correlated systems of electrons. The numerical renormalization
group algorithm [1,2] is based on the definition of a subspace on which the
original Hamiltonian is projected. The eigenstates of the subspace Hamiltonian
which correspond to the largest eigenvalues form a basis for the reduced-dimen-
sional description of the enlarged system. The success of the numerical renormal-
ization group lies in the decimation procedure which restricts the size of the
Hilbert space. However, the method was not able to describe the ground-state
properties of some many-body Hamiltonians such as the Hubbard or Heisenberg
models where a clear energy scale separation is not present.

To cure this deficiency, White [3,4] proposed a different basis-state selection
procedure based on the reduced many-particle density matrix yielding the density
matrix renormalization group (DMRG) algorithm. In 1999, White and Martin
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applied this DMRG algorithm for the first time to the full molecular spin-free
non-relativistic Hamiltonian to solve the electronic Schrödinger equation for a
quantum chemical problem [5]. Before that, several other groups applied DMRG
to study molecular system with semi-empirical Hamiltonians such as the Pariser-
Parr-Pople Hamiltonian [6–8]. In this review, however, we will only focus on
the work considering the full ab initio Hamiltonian. White and Martin [5] bench-
marked the DMRG algorithm against FCI calculations for water. Further devel-
opments in the quantum chemical DMRG community are summarized later in
this work.

For an excellent review ranging from the early beginnings of DMRG in the
condensed-matter community to the quantum chemical applications of DMRG,
we refer to the work of Schollwöck [9] and for an overview of most recent trends
in DMRG to the paper by Hallberg [10].

In this work, we shall derive the quantum-chemical DMRG algorithm within
the standard language of quantum chemistry, namely from the point of view of
a superposition of Slater deteminants (section 2). In section 3, work on DMRG
in quantum chemistry is reviewed. Section 4 then continues with a discussion of
peculiarities innate to the DMRG algorithm. The capabilities of DMRG for
strongly correlated electronic structures are then discussed at the example of
transition metal complexes in section 5.

2. Derivation of the DMRG Algorithm
The essential technique employed by all quantum chemical methods to calculate
a many-electron wave function is the expansion into a suitable set of basis func-
tions. Of course, two different basis sets are required. The quantum mechanical
N-electron state is expanded into a set of N-electron basis functions (e.g., Slater
determinants or configuration state functions). However, these N-electron basis
functions need to be constructed themselves. They can be set up from a Hartree
product of one-electron functions antisymmetrized with respect to pair permuta-
tions of any two electronic coordinates in order to fulfill the Pauli principle.

2.1 Expansion into Slater Determinants

In order to understand how DMRG constructs the electronic wave function
Ψ(N)

A,el for N electrons in total electronic state A, we start from the full configura-
tion-interaction (FCI) ansatz,

(1)

(with M = ∞) which is an exact representation of an N-electron wave function if
all Slater determinants Φ(N)

I that can be constructed from a complete one-electron
basis set {ψi} - i.e., from the spin orbitals - are included in the superposition of
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configurations in Eq. (1). Note that then the one-electron basis set must be com-
plete (implying an infinite number of elements), and hence the total number of
configurations will be infinite.

In the basis of these N-electron functions Φ(N)
I, the electronic Hamiltonian

Ĥel becomes a matrix H = {HKL}, which requires the evaluation of 3N-dimen-
sional integrals HKL = )Φ(N)

K - Ĥel - Φ(N)
L*. Such a high-dimensional integration

is most conveniently carried out in second quantization which is in this context
a clever book-keeping scheme for the implementation of the Slater-Condon rules
for expectation values of particle number conserving operators [11]. In addition,
second quantization allows one to conveniently work in Fock space where a
simple tensor product structure ansatz for the wave function is possible and the
antisymmetry requirement is elegantely built into the algebra of the elementary
creation and annihilation operators.

It is important to note here that for all such configuration-expansion methods
- like FCI or the truncated CI methods - the N-electron basis set is explicitly
constructed, and hence the Hamiltonian matrix elements can be explicitly calcu-
lated for these N-electron basis functions. However, it is only feasible if the one-
electron basis set is finite so that the N-electron basis set is also finite though
still extremely large. Since this large number of configurations can at most be
handled up to about one billion [12], the standard approach in quantum chemistry
is to reduce the number of configurations by imposing additional restrictions on
the sum in Eq. (1), which can be a simple truncated CI expansion Ψ(N)

A,el ≈
Φ(N)

A,CI with M being finite, i.e., with a limited number of configurations M.
For large M, configurations can no longer be picked manually and an auto-

matic scheme is to be defined though this may compromise the accuracy of the
approximation. One scheme is the systematic substitution of one-electron func-
tions in a reference N-electron basis function (e.g., substitution of molecular
spin orbitals in the Hartree-Fock Slater determinant), which is usually denoted
`excitation' (it must not be confused with true electronic excitation as these occur
between states A expressed by different sets of CI expansion coefficients {C(A)

I},
but expanded in the same set of N-electron functions).

Names for the CI substitution hierarchy are well-known: singles excitations,
doubles excitations, triples excitations etc. as well as combinations of them. To
improve on the expansion one may even start `excitations' from a couple of pre-
selected configurations (multi-reference CI). However, the most efficient scheme
to select configurations is the coupled-cluster ansatz, which features excitation
operators for singles, doubles, etc. in an exponential whose series expansion
contains product excitations. If applied to an actual vacuum the excitation rank
gets truncated at the number of total electrons [13].

Of course, also the choice of the one-electron basis functions employed for
the construction of configurations can determine the number M of relevant con-
figurations. In principle, any type of one-electron functions can be chosen for
the construction of the determinants. Even atom-centered Gaussian basis func-
tions {÷i}, which are, in general, non-orthogonal, can be employed. For such
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non-orthogonal one-electron basis sets, the second-quantized electronic Hamilto-
nian involves then creation and annihilation operators that fulfill anticommuta-
tion relations involving elements of the (one-electron) overlap matrix [13].

2.2 Construction of the DMRG Wave Function

The DMRG wave function is constructed in a completely different way when
compared to the CI excitation hierarchy as we shall see now. Since the limiting
factor of all large CI or coupled-cluster calculations is the factorial growth of
the number of N-electron basis functions with the excitation (substitution) grade
and with the number of one-electron basis functions, we need to find a solution
to the dilemma of including all possible configurations - because we cannot
know in advance for any arbitrary molecular structure with a given number of
electrons which Slater determinants will be most important - but without explic-
itly representing them. Hence, we must give up the explicit knowledge of the
composition of our N-electron basis functions, but want to assure at the same
time that any important configuration can be picked up. How can this be
achieved?

It is clear that the expansion of the total DMRG state Φ(N)
A,DMRG must be in

terms of N-electron basis functions, which are themselves CI-type (or even FCI-
type) basis functions Ω(N)

K,

(2)

in order to span the same space. However, the explicit constitution of DMRG
basis functions in terms of configurations Φ(N)

I,

(3)

can only be known in those cases for which a FCI or CASSCF reference calcula-
tion is still possible [14].

Some expansion coefficients D(K)
L may be very close to zero, but they will

still define a fixed ratio between all configurations considered. Thus, in order to
have full flexibility of the individually contributing configurations Φ(N)

I, the re-
quired number of DMRG states M' must not be too small and depends, of course,
on the electronic structure to be studied. The number of DMRG basis functions
M' can only be equal to one in the case for which Ω(N)

1 is the FCI solution.
Now, assume that we are able to represent the electronic Hamiltonian in the

basis of DMRG states Ω(N)
K. Then the B(A)

K are obtained simply by diagonaliza-
tion of this Hamiltonian matrix (we do not discuss how the construction of the
Hamiltonian is actually achieved, but may refer, for instance, to Ref. [14] for
more details). The remaining (and most difficult) task to tackle is how to obtain
the N-electron contraction coefficients D(K) = {D(K)

L} for the configurations in
Eq. (3) without ever knowing all configurations explicitly (as otherwise the ad-
vantage of DMRG fades away). In order to avoid the exponentially growing
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number of N-electron basis functions this has to be handled stepwise. I.e., the N-
electron basis has to be successively constructed and then contracted. The con-
traction of the determinants must be done in such a way that the total electronic
state A can be represented best. Hence, we have to answer the question of how
a contracted N-electron basis can represent the uncontracted FCI basis optimally.
White showed in his early papers [3,4] that an optimum representation can be
found by exploiting features of the reduced many-particle density matrix. The
reduced many-particle density matrix in the DMRG context must not be confused
with one- and two-particle density matrices often encountered in quantum chem-
istry. It is the density matrix of a pure state where basis states in Fock space
spanned by some orbitals are integrated out. The eigenstates of the reduced den-
sity matrix with the largest eigenvalues minimize the quadratic norm between
the uncontracted and contracted basis to obtain maximal overlap with the exact
state.

In order to construct the DMRG basis functions Ω(N)
K, we proceed stepwise.

First, we choose an active space of orbitals from which all configurations Φ(N)
I

could be constructed in principle. Their actual number, however, is too large to
be manageable. Hence, we must construct the Ω(N)

K functions by first considering
only a few spin orbitals (the procedure can be easily generalized to spatial orbit-
als). Taking the first spin orbital from the active space, we can represent two
states in this one-electron basis: occupied and unoccupied. Then we consider the
next spin orbital from the active space which contributes two possible states
(again: occupied and unoccupied) from which 22 = 4 total states can be con-
structed. All these states defined on the first two spin orbitals can still be explic-
itly represented (also, note the different particle numbers of these states in Fock
space). Considering the next four spin orbitals (yielding in total six spin orbitals),
we have already 26 = 64 total basis states with occupation numbers ranging from
zero to six electrons. Now, this is already quite large (in the case of spatial
orbitals we would have 46 = 4096 many-electron states already) and we shall
find a way to reduce the number of states defined on this subsystem of orbitals,
which we shall call the active subsystem as it is constructed systematically.

As pointed out above, the eigenstates of the reduced density matrix are the
means to accomplish the reduction (decimation). But then, we need to calculate
the total electronic state first from the total Hamiltonian. Since we have consid-
ered only one part of the active space of orbitals, namely those orbitals that
define the active subsystem, we are lacking any information about the remaining
orbitals in the active space, which we call the complementary subsystem [14]
and which functions as an environment to the active subsystem.

In general, we will not be able to construct the many-electron states on the
large complementary subsystem of orbitals for the very same reason that we
could not solve this task for the total active space of orbitals in the first place.
There is thus only one option: we need to guess these states and hope that we
can find a way to make sure that the algorithm is able to pick up all relevant
configurations defined on the complementary subsystem, a feature that will cru-
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cially determine DMRG convergence as we shall discuss in later sections of this
review.

So, we express the electronic Hamiltonian in terms of a basis constructed as
a tensor product from states Ω(N')

AS,I defined on the active subsystem and from
(guessed) states Ω(N")

CS,J defined on the complementary subsystem

(4)

where we have as a natural boundary conditions for the electrons represented by
these states N'+N" = N. This equation also explains why we have to take into
account all states of different particle number defined on the two subsystems,
N',N" ≤ N.

Diagonalizing the total Hamiltonian in the basis of all Ω(N)
K / Ω(N')

AS,I
5Ω(N")

CS,J contracted functions yields the CI-type coefficients W(A)
IJ, which are,

of course, related to the B(A)
K coefficients of Eq. (2). Although these coefficients

are obtained as a vector, they feature two indices, I and J, in order to denote that
they are defined with respect to a product basis. From the construction of the
total electronic state A in terms of a tensor product basis of two determinants
defined for the two subsystems that build up the complete electronic system it
can be shown that DMRG iteratively refines a matrix product state [15–29].

In a computer program, all W(A)
IJ form a single eigenvector for the electronic

state A, but since it is clear from the construction of the total Hamiltonian matrix
what N'-electron active-subsystem state I has been combined (multiplied) with
what N"-electron complementary-subsystem state J, the composite index IJ of
each entry in the eigenvector is known. From this eigenvector, we now compute
the reduced density matrix by summation over all complementary-subsystem
states for a given state I of the active subsystem. We therefore have for the
active-subsystem reduced density operator

(5)

where the coefficients WIJ and WKL are chosen to be real. An element of the
reduced density matrix {r(AS)

IK} is then given by

(6)

Next, we include into our systematic construction procedure also all one-
electron states defined on the next orbital to be incorporated into our explicitly
constructed (i.e., `active') subsystem. This enlarges the dimension of all many-
electron states that can be represented on the enlarged active subsystem from m
to 2m in the case of spin orbitals (and to 4m in the case of spatial orbitals). We
can then use the same procedure to again reduce (i.e., to `renormalize') the size
of the basis back to only m contracted many-electron states by (1) setting up
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the total Hamiltonian, (2) diagonalizing it, (3) constructing the active-subsystem
reduced density matrix, (4) selecting those m eigenvectors with largest eigen-
value to set up the renormalization matrix, and (5) to renormalize the many-
electron states defined on the active subsystem with this matrix.

Hence, in each DMRG iteration step, we have a modified basis representation
for the many-electron states composed from the states defined on AS and on CS,
i.e.,

(7)

(8)

with weights RAS,L
(i) and RCS,L

(i) changing in each DMRG iteration step i. Note
that M' in Eq. (2) refers to the number of DMRG states before decimation and
is therefore given by M' = (2m)!(2m) = 4m2 (or M' = (4m)!(4m) = 16m2 in the
case of spatial orbitals). The changes of the weights are, of course, determined by
the eigenvectors of the reduced density matrix [14]. The procedure described
terminates when the last orbital is picked from the set defined by the active
space. Then, the active subsystem comprises all orbitals and no environment
(complementary subsystem) is left over. Once this is achieved, a so-called sweep
has been completed, which we occasionally also call a completed macroiteration
step. Consequently, we have then obtained a first approximation to the electronic
state by sequential renormalization steps. From the description of the algorithm
given so far, it is clear that the quality of the renormalized basis {Ω(N)

K} will
depend on how good our guess was for the states defined on the complementary
subsystem, which had been used to construct the total Hamiltonian matrix affect-
ing thus its eigenstates and hence also the reduced density matrix.

So, the algorithm must be supplemented by a means to improve the comple-
mentary (environment) states. This can be done by a rather ingenious trick: The
sequence of orbitals picked up step-by-step by the algorithm defines the orbital
ordering (a purely technical term of the DMRG algorithm). After having com-
pleted the first sweep, the orbital ordering has been fixed. Now, we reverse this
ordering and start with the orbital included in the last step to proceed with the
algorithm. We take the second last orbital to explicitly construct many-electron
states on this new active subsystem. For the construction of the total Hamiltonian
we require renormalized states defined on the new complementary subsystem,
i.e., on the active space without the two orbitals that define the new active
subsystem. But these complementary states we can take from the second last
step in our first sweep if stored in this first sweep. In such a way, the active
subsystem constructed step wise in the previous sweep is now taken as the com-
plementary subsystem. And if we iterate this process, i.e., sweeping with change
of direction along the orbital ordering, we can sequentially improve the states
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defined on the complementary subsystem (the active-subsystem states are always
constructed systematically as described above).

Once these macroiterations are converged, the final DMRG basis functions
{Ω(N)

K} have been found. Since their structure in terms of determinants cannot
be known for active spaces larger than about 18 electrons in 18 active spatial
orbitals, the DMRG algorithm produces renormalized operator representations in
this basis instead (rather than the renormalized basis itself). Since all observables,
and especially the energy, can be expressed in second quantization employing
annihilation and creation operators defined for the orbitals of the active space,
all what needs to be done is to renormalize the matrix representation of these
creation and annihilation operators. All observables can then be constructed from
these matrices. Having said this, it is obvious how to construct the matrix repre-
sentation of the total Hamiltonian constructed from active and complementary
subsystem states. Since creation and annihilation operators for the orbitals have
been defined with respect to the active and complementary subsystems' bases,
they can simply be used to set up the electronic Hamiltonian for the complete
active space via direct products and matrix additions.

Now we know how to systematically construct a pre-contracted N-electron
basis that can eventually pick up all relevant configurations, if the environment
guess in the first step allows for this. The basis itself is (in general) never explic-
itly constructed and instead we have access only to operators expressed in second
quantization in terms of this basis.

3. DMRG in Quantum Chemistry
The very first, pioneering papers on the quantum-chemical DMRG have already
been mentioned in the Introduction. We shall now review the achievements that
have been accomplished since those early days. Daul et al. [30] performed
DMRG calculations for methane, which reached FCI accuracy in the chosen one-
electron basis. In 2003, Legeza et al. calculated the ionic-neutral curve crossing
of LiF [31]. It could be shown that the avoided crossing of the two singlet
states is correctly described by the DMRG algorithm. Chan and Head-Gordon
performed a DMRG calculation on the water molecule with 41 active orbit-
als [32]. In a follow-up article Chan described the parallelization of their DMRG
code [33]. Chan also compared DMRG and coupled-cluster results for the poten-
tial energy curve of N2 [34]. Already in 2001, Mitrushenkov et al. [35] have
compared DMRG and FCI results for the equilibrium structure and dissociation
energies of several diatomic molecules, such as Be2, HF, and N2.

In 2006, Hachmann et al. implemented a quadratic scaling DMRG algorithm
for long, one-dimensional molecules [25]. These one-dimensional molecules re-
semble closely the one-dimensional lattices studied by the condensed-matter
community, for which DMRG was originally developed. Quadratic scaling could
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be achieved by prescreening the two-electron integrals and neglecting those
which lie below a certain threshold.

The first scalar-relativistic DMRG calculations were performed by Moritz et
al. for the potential energy curve of the ground state and 1Σ+ first excited state
of cesium hydride [36]. For the cesium atom, relativistic effects cannot be ne-
glected. The scalar relativistic effects were incorporated by means of the general-
ized Douglas-Kroll-Hess protocol [37] up to tenth order [38,39]. The decoupling
procedure leads to a block diagonalization of the Dirac Hamiltonian which can
be obtained by a sequence of suitably chosen unitary transformations [40]. It is
clear that a fully relativistic, i.e., four-component DMRG calculation is quite
straightforward to implement as only the four-component many-electron Hamil-
tonian in second quantization has to be employed [11]. The spectroscopic con-
stants of the DMRG potential energy curve agree well with multi-reference CI
and coupled-cluster reference data.

4. Peculiarities of DMRG
4.1 Orbitals and Convergence

Daul et al. [30] investigated the effect of different orbital bases on DMRG calcu-
lations. They employed canonical Hartree-Fock orbitals, localized Hartree-Fock
orbitals, and Kohn-Sham orbitals. Quite contrary to the authors' expectation, the
localization procedure did not significantly change or improve the convergence
behavior or the converged energy as was originally anticipated from the experi-
ence of the condensed-matter community.

In a systematic study, the influence of various types of orbitals and different
orbital orderings in a DMRG calculation was examined by Mitrushenkov et
al. [41]. Canonical CASSCF orbitals delivered significantly better results than
the localized orbitals. Nevertheless, the localized orbitals appear to be particu-
larly effective in the weak interaction region. Mitrushenkov et al. also tried to
improve the orbital ordering by selecting those orbitals with largest interactions
as measured by the squared Coulomb two-electron integral divided by the differ-
ence in orbital energies and placing them near each other.

In the spirit of the orbital interaction scheme proposed by Mitrushenkov et
al. [41], Legeza and Sólyom applied the von Neumann entropy to quantify the
importance of a subsystem configuration [42]. In quantum information theory,
the von Neumann entropy measures the entanglement of a bipartite system, i.e.,
between the active subsystem and the complementary subsystem. Legeza and
Sólyom determined the entropies for subsystems of one single orbital in the
Hubbard Hamiltonian and placed the orbitals with largest entropies in the middle
of the orbital chain. The same ansatz was also proposed for the DMRG applica-
tion in quantum chemistry where the molecular orbitals with the highest entropy
correspond to the frontier orbitals. But in a follow-up article, the authors could
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demonstrate that their ansatz for the orbital ordering does not necessarily opti-
mize the convergence behavior of the DMRG algorithm [43].

A similar approach based on the von Neumann entropy was also chosen by
Rissler et al. to improve the orbital ordering [23]. The authors devised a scheme
to compute the entanglement between any two orbitals from the von Neumann
entropy. The idea is to place strongly interacting orbitals next to each other in
order to reduce the entanglement of the entire system. Their optimized orbital
sequences gave in all cases lower converged energies than the reference ordering
where the orbitals are ordered by Hartree-Fock energies. The disadvantage of
this methods is, of course, that preceding DMRG calculations have to be per-
formed in order to devise the optimized orbital ordering.

It is expected that through the localization procedure, the complex electron
correlation problem can be reduced to a good degree to nearest-neighbor-like
interactions in elongated molecules. In molecules with lower entanglement be-
tween system and environment, the number of DMRG states can then be chosen
rather small while still accurate results are obtained [25].

Mitrushenkov et al. [41] suggested to reformulate the DMRG algorithm in a
non-orthonormal basis in order to facilitate and improve the orbital localization
which should then lead to a better convergence. Chan and Van Voorhis adapted
their DMRG code to support non-orthogonal molecular orbitals [44]. These au-
thors implemented a biorthogonal basis where several modifications were neces-
sary to deal with non-Hermitian operators.

Already in 2002, Chan and Head-Gordon provided the most comprehensive
overview of the DMRG algorithm for quantum chemistry [45]. They examined
the DMRG algorithm in terms of computational cost, memory usage, and disk
storage. They also realized the slow convergence of DMRG when applied to
quantum chemical systems. To solve the convergence issue, an optimized order-
ing was proposed by reordering the orbitals to block-diagonalize the one-electron
integral matrix using the reverse Cuthill-McKee algorithm. Another important
aspect of their work was the application of white noise to avoid local energy min-
ima.

Local minima may occur when the initial guess of the basis of the comple-
mentary subsystem is insufficient. This means that the truncated basis on the CS
might not contain important states to represent the total state appropriately. Due
to the nature of the DMRG algorithm, such states will never be picked up in the
wave function because they will have no contribution in the reduced density
matrix and are therefore lost. The white noise allows to collect these basis states.
Another strategy to prevent local minima on a more sound theoretical basis is
the perturbative correction suggested by White [46]. The perturbative correction
tries to construct the initial guess of the CS basis in such a way that all states on
the AS have a counterpart in the CS basis. Both methods do not guarantee to
converge to the global minimum.

We investigated convergence of the plain DMRG algorithm without any such
precautions to guarantee the pick-up of relevant many-electron states in the envi-
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ronment. Then, convergence to local minima can be observed, but does not al-
ways occur. In particular, it depends on the ordering of orbitals, i.e., on the
sequence of orbitals to be picked up sequentially by the increasing active subsys-
tem. For this comparison we prepared optimized orbital orderings via a genetic
optimization procedure [47]. While noise affects the environment states in a
random manner, we studied [48] the feasibility of explicit environment guesses
as well as of systematically increased environment states. A decomposition of
the DMRG basis functions in terms of Slater determinants as described in section
2 has been carried out in Ref. [14], in order to study and eventually better
understand energy convergence during DMRG iterations.

4.2 Orbital Optimization

DMRG-SCF implementations have been proposed by Zgid and Nooijen and by
Ghosh et al. [49,50]. The DMRG-SCF algorithm optimizes the orbitals in the
active space similar to the CASSCF method [51]. In the two implementations a
similarity-transformed Hamiltonian was constructed like in coupled-cluster the-
ory. The orbital-rotation amplitudes are obtained from a coupled-cluster type
exponential parameterization using single excitations only in the exponential.

To evaluate the resulting energy expression, the one-particle and two-particle
density matrices are required. Zgid and Nooijen as well as Ghosh et al. presented
two only slightly different approaches on how to obtain the two-particle density
matrices [52,50]. Note that the one-particle density matrices can be calculated at
any position of the sweep without additional memory cost. The approach taken
by Zgid and Nooijen is slightly more efficient than the one by Ghosh et al. since
the computational scaling can be reduced by forming simple intermediates.

Zgid and Nooijen combined the two-site DMRG algorithm to converge the
DMRG wave function to the variational optimum and switch then to the one-
site algorithm where the two-particle density matrix can be easily constructed.
Zgid and Nooijen presented preliminary result on the Cr2Mn2 metal cluster with
their DMRG-SCF implementation.

Ghosh et al. showed state-averaged DMRG-SCF calculations for â-carotene
using the full π-valence active space consisting of 22 projected atomic orbitals
and 22 electrons. They obtained the correct state ordering as in experiment but
the excitation energies were generally overestimated which might be most likely
due to the lack of the σ– π dynamic correlation.

The DMRG-SCF implementation can also be cast into an acceleration algo-
rithm to improve the convergence in large-scale CASSCF calculations as de-
scribed in a recent work by Yanai et al. [53]. In this method, the DMRG algo-
rithm replaces the CI calculation step in a two-step CASSCF calculation to
reduce the number of iterations and therefore of expensive exact diagonalization
steps.
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4.3 Variational Nature of the DMRG Ansatz

A variational electronic structure theory is of great benefit because the energy is
always an upper bound to the exact energy. The quality of the trial wave function
can be therefore related to the energy and one can systematically improve the
result. The nature of the DMRG algorithm is variational since the algorithm
restricts the Hilbert space in which the Hamiltonian is solved at each iteration
step [9,45]. However, one cannot guarantee that the energy is successively low-
ered since there is no simple relationship between the Hilbert spaces spanned by
states of two subsequent iterations due to the basis truncation. As a result, one
observes small deviations in the energy during a sweep which is caused by local
fluctuations from an increase in the flexibility of the many-particle basis.

4.4 Excited States and DMRG Response Theory

In 2007, Dorando et al. investigated the state-averaged harmonic Davidson algo-
rithm to describe excited states [54]. The harmonic Davidson approach is an
iterative technique that works with shifted and inverted operators which allow
one to specifically target excited states within the DMRG algorithm. The advan-
tage over the traditional state-averaged Davidson approach is that it is not neces-
sary to calculate and represent all states between the ground state and excited
state of interest. The authors calculated several low-lying excited states of acenes
ranging from naphthalene to pentacene. The ground states of the acenes were
previously studied by the same group [55].

An analytic response theory was also implemented into the DMRG algorithm
by Dorando et al. [56]. The basis was the reformulation of the DMRG method in
terms of a Lagrangian formalism [57]. Static and frequency-dependent response
properties were implemented.

4.5 Spin and Symmetry Adaptation of DMRG

Zgid and Nooijen implemented a fully spin-adapted DMRG algorithm which
allows one to target spin and spatial symmetry states of interest [58]. Spin adap-
tation in the DMRG method was already performed before by McCulloch and
Gulácsi for the Kondo lattice model [59–61]. Their implementation is based on
the Clebsch-Gordon transformation and the elimination of quantum numbers by
the use of the Wigner-Eckart theorem. Zgid and Nooijen decided to sacrifice
computational efficiency in order to avoid the Clebsch-Gordon transformation
and obtain a simpler implementation of the spin adaptation. They made sure that
always complete sets of multiplets are included in the DMRG wave function
expansion. A second important condition is the adaptation of the eigenvectors of
the modified reduced density matrix to be an eigenfunction of the total spin
operator of either the active or complementary subsystem.

Another scheme to target spin states was used in the DMRG study of Mor-
itz et al. on the calculation of the potential energy curve of CsH where spin
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contamination became a problem at large nuclear distances [36]. The spin con-
tamination was eliminated by modifying the Hamiltonian matrix in such a way
that states with a wrong total spin are shifted up in energy.

5. Applications in Transition Metal Chemistry
In a pioneering study, we investigated DMRG for the prediction of relative ener-
gies of transition metal complexes and clusters of different spin and molecular
structure [62]. Accurate energies for the spin splitting of the singlet and triplet
state of cobalt hydride as well as for nickel carbonyl complexes were obtained.
We demonstrated that the DMRG algorithm is capable to solve the spin state
problem in quantum chemistry for mononuclear transition metal complexes [63–
66].

Based on our numerical DMRG studies of the mononuclear complexes, we
made the interesting observation that the relative energy appears to converge
faster than the total absolute energy when increasing the number of DMRG
states [62]. We note that no white noise or perturbative correction was applied.
Nevertheless, a smooth convergence to the reference energy by increasing suc-
cessively the DMRG basis states could be achieved.

After the successful application of the DMRG algorithm to the spin state
problem, we tackled the question whether a reliable calculation of relative ener-
gies on a given potential energy surface of the same total spin is possible. We
elaborated that DMRG is also well suited for complex electronic structures that
require large active spaces already for a qualitatively correct description of the
ground state wave function. As an example, we investigated oxygen-bridged
dicopper transition metal clusters previously studied by Cramer et al. [67,68].

From a qualitative picture of the electronic structure of binuclear transition
metal clusters, we concluded that the one-particle active space must be doubled
compared to the mononuclear transition metal complexes in order to retain a
qualitative correct description of the wave function. At present, the only multiref-
erence method able to deal with such large active spaces is the DMRG algorithm.
In Table 1, we compare the DMRG energies from our original work in Ref. [62]
with new results obtained with our new DMRG program [69] where the environ-
ment basis is built up as described in Ref. [48] (results with this new DMRG
program had already been published in our work on the Slater-determinant de-
composition in Ref. [14]). For these DMRG calculations, the same active space,
basis set and effective core potential as in Ref. [62] was used. From Table 1 it
is clear that the guess of the environment has a large effect on the DMRG
energies. We now achieve lower DMRG energies at smaller m values even with-
out the application of noise or a perturbative correction. If we apply noise for
m = 128 DMRG states, however, the absolute DMRG energies are lower but the
relative energy lies in the same region.
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Table 1. Relative energies of µ-η2:η2 peroxo and bis(µ-oxo) [Cu2O2]
2+ isomers with D2h symme-

try in an active space of 44 orbitals with 26 electrons. The superscript * denotes DMRG calcula-
tions where white noise is applied as described in Ref. [45] and bs stands for a broken-symmetry
solution. The DMRG results by Kurashige and Yanai [70] were obtained for a larger active
space of 32 electrons in 62 orbitals and with White's perturbative correction. While total elec-
tronic energies are given in Hartree (Eh), the relative energies ∆E are given in kJ.mol.

method Ebisoxo.Eh Eperoxo.Eh ∆E
Reference energies
CASSCF(8,8)[62] –541.431 345 –541.425 641 –15.0
CASPT2(8,8)[62] –541.505 663 –541.510 178 11.9
CASSCF(16,14)[67] –541.503 07 –541.503 45 1.0
CASPT2(16,14)[67] –542.062 08 –542.064 35 6.0
bs-B3LYP[67] –544.194 19 –544.278 44 221.2
RASPT2(24,28)[71] 119.7
DMRG energies from Ref. [62]
DMRG(m = 64) –541.456 375 –541.479 969 61.9
DMRG(m = 100) –541.463 697 –541.494 473 80.8
DMRG(m = 200) –541.466 781 –541.496 680 78.5
DMRG(m = 400) –541.467 527 –541.497 171 77.8
DMRG(m = 600) –541.467 721 –541.497 274 77.6
DMRG(m = 800) –541.467 794 –541.497 314 77.5
DMRG energies (new code [69])
DMRG(m = 32) –541.440 272 –541.478 196 99.6
DMRG(m = 44) –541.446 006 –541.483 405 98.2
DMRG(m = 64) –541.458 021 –541.497 468 103.6
DMRG(m = 128) –541.473 082 –541.514 702 109.3
DMRG*(m = 128) –541.476 645 –541.515 621 102.3
DMRG(m = 2400)[70] –541.968 391 –542.025 139 149.0

When this review was finished, a paper by Kurashige and Yanai was pub-
lished [70] which provides the best reference data available so far for the binu-
clear copper cluster. Their best results are incorporated in Table 1. Note the
larger active space and the one order of magnitude larger number of renormalized
states m. Their expensive reference DMRG calculations clearly support our find-
ings made previously in Ref. [62] that the DMRG algorithm is ideally suited to
provide a qualitatively correct description of the relative energies in transition
metal chemistry of open-shell complexes and clusters. However, it is also clear
that a low number m of DMRG basis states is desirable for feasibility reasons,
though m = 128 is apparently not yet sufficient for quantitative agreement. Nev-
ertheless, our small-m DMRG results are already in good agreement with
RASPT2 results and significantly better than the DFT and CASSCF results given
in Table 1.

One niche of the DMRG algorithm in quantum chemistry will be transition
metal chemistry of open-shell complexes and clusters, especially when supple-
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mented by methods that are capable of capturing the missing dynamic electron
correlation due to the virtual orbitals neglected from the active space.

6. Conclusion
The application of DMRG in quantum chemistry during the past decade has seen
tremendous progress as reviewed here.

While previous presentations of the DMRG algorithm often focussed on the
original derivation based on the tensor-product nature of N-electron states, the
relation to standard quantum chemical approaches like configuration interaction
was not that obvious, which is the reason why we presented a derivation of the
DMRG algorithm in terms of interactions of Slater determinants in this work.

The algorithm is now very well elaborated and for specific classes of molecu-
les DMRG has already been established as the best method available. Not only
extended π-systems of organic chemistry, which feature a large amount of static
electron correlation, belong to these classes, DMRG is also very suitable for
rather compact molecules like transition metal complexes and clusters, in which
the correlated motion of electrons is spatially very much confined.
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